A polydisperse granular gas made of inelastic and rough hard disks is considered. Focus is laid on the kinetic-theory derivation of the partial energy production rates and the total cooling rate as functions of the partial densities and temperatures (both translational and rotational) and of the parameters of the mixture (masses, diameters, moments of inertia, and mutual coefficients of normal and tangential restitution). The results are applied to the homogeneous cooling state of the system and the associated nonequipartition of energy among the different components and degrees of freedom. It is found that disks typically present a stronger rotational-translational nonequipartition but a weaker component-component nonequipartition than spheres. A noteworthy "mimicry" effect is unveiled, according to which a polydisperse gas of disks having common values of the coefficient of restitution and of the reduced moment of inertia can be made indistinguishable from a monodisperse gas in what concerns the degree of rotational-translational energy nonequipartition. This effect requires the mass of a disk of component i to be approximately proportional to 2σi + σ , where σi is the diameter of the disk and σ is the mean diameter.
A polydisperse granular gas made of inelastic and rough hard disks is considered. Focus is laid on the kinetic-theory derivation of the partial energy production rates and the total cooling rate as functions of the partial densities and temperatures (both translational and rotational) and of the parameters of the mixture (masses, diameters, moments of inertia, and mutual coefficients of normal and tangential restitution). The results are applied to the homogeneous cooling state of the system and the associated nonequipartition of energy among the different components and degrees of freedom. It is found that disks typically present a stronger rotational-translational nonequipartition but a weaker component-component nonequipartition than spheres. A noteworthy "mimicry" effect is unveiled, according to which a polydisperse gas of disks having common values of the coefficient of restitution and of the reduced moment of inertia can be made indistinguishable from a monodisperse gas in what concerns the degree of rotational-translational energy nonequipartition. This effect requires the mass of a disk of component i to be approximately proportional to 2σi + σ , where σi is the diameter of the disk and σ is the mean diameter.
I. INTRODUCTION
The minimal model to describe the dynamical properties of a granular fluid consists of a collection of identical, smooth hard disks (in two-dimensional geometry) or spheres (in the three-dimensional case). Particles dissipate kinetic energy via binary collisions and this is characterized in the minimal model by means of a constant coefficient of normal restitution. While this simple model captures most of the basic properties of granular flows [1] [2] [3] [4] [5] [6] [7] [8] , it can be made more realistic, for instance, by assuming that the coefficient of normal restitution depends on the impact velocity [6, 9, 10] , taking into account the presence of an interstitial fluid [11] , considering nonspherical particles [12] , introducing the effect of surface friction in collisions, or accounting for a multicomponent character of the granular fluid.
In particular, there exists a vast literature about polydisperse systems of smooth disks or spheres [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , as well as about friction (or roughness) in monodisperse systems [10, . On the other hand, much fewer works have dealt with multicomponent gases of rough spheres [66] [67] [68] [69] [70] [71] [72] . This class of systems is especially relevant because of an inherent breakdown of energy equipartition, even in homogeneous and isotropic states (driven or undriven), as characterized by independent translational (T tr i ) and rotational (T rot i ) temperatures associated with each component i. The rate of change of the translational mean kinetic energy of particles of component i due to collisions with particles of component j defines the energy production rate ξ tr ij . A similar energy production rate ξ rot ij measures the rate of change of the rotational mean kinetic energy. * andres@unex.es; http://www.unex.es/eweb/fisteor/andres/ By means of kinetic-theory tools, the energy production rates ξ tr ij and ξ rot ij for (three-dimensional) hard spheres were obtained in Ref. [69] as functions of T tr i , T tr j , T rot i , T rot j , and of the mechanical parameters (masses, diameters, moments of inertia, and coefficients of normal and tangential restitution) of each pair ij. Those expressions were derived by assuming collisional molecular chaos, statistical independence between the translational and angular velocities, and a Maxwellian form for the translational velocity distribution function. The application of the results to the homogeneous cooling state (HCS) of a tracer particle immersed in a granular gas of inelastic and rough hard spheres shows a very good agreement with computer simulations [71, 72] .
From the experimental point of view, however, most of the setup geometries are two-dimensional [64, [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] . Moreover, while capturing most of the physics of the problems at hand, two-dimensional computer simulations are much easier to carry out and interpret than threedimensional ones. Hence, the extension of the analysis carried out in Ref. [69] to multicomponent hard disks has undoubtedly a practical interest beyond its added academic value. In contrast to what happens for smooth, spinless particles, where an unambiguous kinetic-theory treatment of d-dimensional hard spheres is possible [84] , the existence of angular motion due to surface friction or roughness establishes a neat separation between the cases of spheres and disks. Whereas both classes of particles are embedded in a common three-dimensional space, spinning spheres have three translational plus three rotational degrees of freedom, but spinning disks on a plane have two translational and only one rotational degrees of freedom.
By following steps similar to those followed in Ref. [69] , the energy production rates ξ tr ij and ξ rot ij are derived in this paper for a multicomponent gas made of inelastic and rough disks. The results are subsequently applied to the HCS and illustrated for monodisperse and bidisperse gases. An interesting mimicry effect is also analyzed. According to this effect, the HCS of a polydisperse gas of disks having common values of the coefficient of restitution and of the reduced moment of inertia can be indistinguishable from that of a monodisperse gas in what concerns the rotational-translational temperature ratio. It is shown here that the condition for this mimicry effect is that the mass m i of each component i must be approximately proportional to 2σ i + σ , where σ i is the diameter of a disk of component i and σ is the mean diameter.
The organization of this paper is as follows. Section II describes the collision rules, which are then used in Sec. III to express the collisional rates of change in terms of two-body averages. Next, those averages are estimated by assuming molecular chaos, statistical independence between the translational and angular velocities, and a Maxwellian translational velocity distribution function. The energy production rates ξ tr ij and ξ rot ij are defined in Sec. IV, their explicit expressions being displayed in Table III. Those results are applied to the HCS of monodisperse and bidisperse systems in Sec. V. Section VI deals with the mimicry effect described above. Finally, the paper ends with some concluding remarks in Sec. VII.
II. BINARY COLLISIONS. COEFFICIENTS OF RESTITUTION

A. Collisional rules
Let us consider an s-component granular gas of hard disks (lying on the xy plane). Disks of component i have a mass m i , a diameters σ i , and a moment of in-
, where the value of the dimensionless quantity κ i depends on the mass distribution within the disk, running from the extreme values κ i = 0 (mass concentrated on the center) to κ i = 1 (mass concentrated on the perimeter). If the mass is uniformly distributed, then κ i = 1 2 . Figure 1 sketches a binary collision between two disks of components i and j. Let us denote by v ij = v i − v j the pre-collisional relative velocity of the center of mass of both disks, by ω i = ω i z and ω j = ω j z the respective pre-collisional angular velocities, by σ ≡ (r j −r i )/|r j −r i | the unit vector pointing from the center of i to the center of j, and by σ ⊥ = σ × z = σ y x − σ x y its perpendicular unit vector. The velocities of the points of the disks which are in contact at the collision are
so that the corresponding relative velocity is
Sketch of the pre-collisional quantities of disks i and j in the frame of reference solidary with disk j.
Post-collisional velocities will be denoted by primes. The conservation of linear and angular momenta yields
3a)
3b)
Angular momentum (with respect to the point of contact) is conserved for each particle separately because during a collision the forces act only at the point of contact and hence there is no torque with respect to that point [49] . Equations (2.3) imply that
where the (so-far) undetermined quantity Q ij is the impulse exerted by particle i on particle j. Therefore, the post-collisional relative velocities are
are the reduced mass and a sort of reduced inertiamoment parameter, respectively. The collisional rules can be closed by relating the normal (i.e., parallel to σ) and tangential (i.e., parallel to σ ⊥ ) components of the relative velocities w ij and w
Here, α ij and β ij are the constant coefficients of normal and tangential restitution, respectively. While α ij ranges from α ij = 0 (perfectly inelastic particles) to α ij = 1 (perfectly elastic particles), the coefficient β ij runs from β ij = −1 (perfectly smooth particles, i.e., no change in the tangential component of the relative velocity) to β ij = 1 (perfectly rough particles, i.e., reversal of the tangential component). The insertion of Eq. (2.5b) into Eq. (2.7) yields
with the introduction of the parameters
Therefore, with the help of Eqs. (2.2) and (2.8), the impulse Q ij is expressed in terms of the pre-collisional velocities and the unit vector σ as
where
Here, the double primes denote pre-collisional quantities giving rise to unprimed quantities as post-collisional values.
It is interesting to note that the modulus of the Jacobian of the transformation between pre-and postcollisional velocities is
(2.16) Interestingly, this differs from the case of spheres, for which the Jacobian is α ij β 2 ij [69] .
III. COLLISIONAL RATES OF CHANGE
A. One-and two-body distribution functions By starting from the Liouville equation, making use of the collisional rules, and following standard steps, one can derive the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy [85] , whose first equation reads
where the short-hand notation c i ≡ {v i , ω i } has been introduced, f (2) ij (r i , c i ; r j , c j ; t) is the two-body distribution function, and
being the Heaviside step function.
B. Balance equations
Given a one-body function ψ(c i ), its average value is
where n i = dc i f i (c i ) is the number density of component i and, for the sake of brevity, the spatial and temporal arguments have been omitted. In particular, one can define partial temperatures associated with the translational and rotational degrees of freedom of each component as
is the flow velocity. Note that in the definition of T rot i the angular velocities are not referred to any average value because of the lack of invariance of the collision rules under the addition of a common value to every angular velocity. Also, Eq. (3.5) takes into account that the number of translational and rotational degrees of freedom are 2 and 1, respectively. The global temperature is
where n = s i=1 n i is the total number density. In general, the balance equation for ψ(c i ) can be obtained by multiplying both sides of Eq. (3.1) by ψ(c i ) and integrating over c i : (3.8) where the collisional integral J ij [ψ|f (2) ij ] is
(3.9)
ij ] is the rate of change of the quantity ψ(c i ) due to collisions with particles of component j.
This rate of change is a functional of the two-body distribution function f 
C. Collisional integrals as two-body averages
To proceed, let us make the approximation
is the orientational average of the pre-collisional distribution f (2) ij . Equation (3.10) replaces the formally exact collisional integral (3.9) by a simpler one where the angular integral
can be evaluated independently of f (2) ij . As a consequence,
ij (c i ; c j ) (3.14) 
is a two-body average.
It is important to bear in mind that the approximation (3.10) refers to pre-collisional quantities inside integrals over c i , c j , and σ. Thus, it is much weaker than the bare approximation f (2) ij ≈f (2) ij . On the other hand, it must be pointed out that the equality f (2) ij =f (2) ij holds if (i) the gas is in the Boltzmann limit (n i σ
, in which case one can formally take σ ij → 0 in the contact value of f (2) ij , or (ii) the system is homogeneous and isotropic (regardless of the reduced densities n i σ 2 i and n j σ 2 j ), in which case f (2) ij only depends on |r i − r j |. Thus, the approximation (3.10) is justified if the density of the granular gas and/or its heterogeneities are small enough to make the value of f (2) ij at contact hardly dependent on the relative orientation of the two colliding disks.
Let us now particularize to
The needed angular integrals are
were k is an arbitrary unit vector and k ⊥ = k × z is its orthogonal unit vector. After some algebra, one can find the expressions displayed in Table I , where Table I .
D. Estimates of two-body averages Table I expresses the collisional rates of change of the main quantities as linear combinations of two-body averages of the form (3.14). They are local functions of space and time and functionals of the orientation-averaged precollisional distributionf (2) ij . While, thanks to the approximation (3.10), the expressions in Table I are much more explicit than the formally exact results stemming from Eq. (3.9), they still require the full knowledge off (2) ij . Suppose, for simplicity, that v i = v j = u. Now, let us imagine that, instead of the full knowledge off (2) ij , we only know the common flow velocity (u) and the two translational temperatures (T tr i and T tr j ). One can resort to information-theory (i.e., maximum-entropy) arguments to make the approximation
where χ ij is the contact value of the pair correlation function and
is the marginal distribution function associated with the rotational degrees of freedom. Similarly, the translational marginal distribution function is 
, and (c) a Maxwellian form for the distribution of translational velocities. The generalization to v i = v j can be carried out following similar steps as done in Ref. [84] for smooth spheres. Since the angular velocities only appear linearly or quadratically in Table I , a Maxwellian form for f rot i does not need to be assumed, so that the local densities (n i and n j ), the average angular velocities ( ω i = Ω i and ω j = Ω j ), and the rotational temperatures (T rot i and T rot j ) do not appear explicitly in Eq. (3.16).
It must be stressed that, while small deviations from the three assumptions (a), (b), and (c) behind Eq. (3.16) have been documented in the literature [50, 55, 58, 86, 87] , the expectation is that the two-body averages can be estimated reasonably well by performing the replacement (3.16) . This expectation has been confirmed in the hardsphere case [58, 71, 72] .
The insertion of the approximation (3.16) into Eq. (3.14) for the functions Ψ(c i ; c j ) appearing in Table I yields the results displayed in Table II . In particular, combining the second row of Table I with the third and eighth rows of Table II , it is straightforward to obtain
where the effective collision frequency
has been introduced. Equation (3.19) shows that, except in the smooth case (β ij = −1), collisions produce a systematic decrease in the magnitude of the angular velocities of the particles. In the monodisperse case, the collision frequency (3.20) reduces to
IV. ENERGY PRODUCTION RATES AND COOLING RATE
While part of the total kinetic energy is dissipated after each collision [see Eq. (2.13)], each one of the four partial kinetic energy contributions in Eq. (2.12) can either increase or decrease after a given collision, as a consequence of a redistribution of the non-dissipated energy among both colliding particles and both types (translational and rotational) of energy. To characterize the statistical effect of energy dissipation and redistribution, let us introduce the energy production rates as the rates of change of the partial temperatures T tr i and T rot i due to collisions of disks of component i with disks of component j:
When collisions of particles of component i with all the components are considered, one gets the (total) energy production rates
Finally, the net cooling rate is
As said before, the individual energy productions rates ξ tr ij and ξ rot ij (or even ξ tr i and ξ rot i ) do not have a definite sign. In contrast, the net cooling rate ζ must be positive definite, i.e., collisions produce a decrease of the total temperature T unless α ij = 1 and β ij = ±1 for all pairs ij.
The combination of the expressions in Tables I and II  allows one to obtain the energy production rates ξ tr ij and ξ rot ij , and the cooling rate ζ. The resulting expressions can be seen in the first half of Table III as explicit functions  of the local values of 
In the expressions for ξ tr ij and ξ rot ij given in Table III , the dissipation and redistribution effects are mixed together. To disentangle them, it is convenient to carry out the decompositions [70] 
where the expressions for ζ tr ij , ζ rot ij , and Ξ
(1-3) ij are also included in Table III .
The quantities Ξ
(1-3) ij represent equipartition rates. They do not have a definite sign and vanish if all the temperatures are equal and either Ω i = 0 or Ω j = 0. The equipartition rate Ξ (1) ij is always present (even for perfectly elastic disks, α ij = 1) and tends to equilibrate the translational temperatures T 
Monodisperse system Quantity Expression
rates. The former (headed by 1 − α It is straightforward to check that n i T
= 0. Therefore, as expected, the equipartition rates Ξ 
In the monodisperse limit (i.e., s = 1 or, equivalently,
rot , Ω i = Ω, n i = n, χ ij = χ), the energy production, cooling, and equipartition rates simplify to the expressions shown in the second half of Table III, in agreement with previous results [39] . Moreover, particularization of the expressions presented in Table III to [84] .
The expressions displayed in Table III are the main results of this paper. As an immediate application, the HCS is analyzed in Secs. V and VI.
V. APPLICATION TO THE HOMOGENEOUS COOLING STATE
The HCS is an isotropic and spatially uniform freely cooling regime, reached after the influence of the initial preparation has vanished. This base state has been experimentally realized in conditions of microgravity or levitation [78, 79, [88] [89] [90] . As a consequence of isotropy, the mean angular velocities are zero (i.e., Ω i = 0), while, as a consequence of spatial uniformity, the flux term ∇ · n i v i ψ(v i , ω i ) in Eq. (3.8) is absent. Therefore, the evolution equations for the total and partial temperatures are
(5.1b) Once the HCS scaling regime is reached (after a certain transient time), all the time dependence of the gas occurs through the total temperature T . This implies constant temperature ratios and equal production rates, i.e., , the s − 1 density ratios {n i /n 1 }, the s − 1 size ratios {σ i /σ 1 }, the s − 1 mass ratios {m i /m 1 }, the s reduced moments of inertia {κ i }, the s(s + 1)/2 coefficients of normal restitution {α ij }, and the s(s + 1)/2 coefficients of tangential restitution {β ij }.
A. Monodisperse system
In the monodisperse case (s = 1) the only unknown is T rot /T tr and the true number of free parameters is 3 because the packing fraction φ is absorbed via the pair correlation function at contact, χ, into the collision frequency ν [cf. Eq. (3.21)]. The HCS condition ξ tr = ξ rot yields a quadratic equation whose physical solution is . The contour lines correspond to T rot /T tr = 1 (thick solid line), T rot /T tr = 2 −1 , 2 −2 , 2 −3 , . . ., and T rot /T tr = 2, 2 2 , 2 3 , . . .. The temperature ratio T rot /T tr takes the same value for all the pairs (α, β) lying on the same locus γ = const.
where the parameter
comprises completely the dependence of the temperature ratio on the three quantities α, β, and κ. The dependence of T rot /T tr on γ is shown in Fig. 2 . It can be observed from Eq. (5.4) that the sign of γ results from the competition between two terms: 1 − α 2 , on the one hand, and a term proportional to 1 − β 2 , on the other hand. From Eq. (2.7), it turns out that that 1 − α
2 measures the relative decrease in the magnitude of the normal component of the relative velocity after a collision. Likewise,
2 measures a similar relative decrease but in the case of the tangential component. Thus, γ > 0 if the relative decrease of the normal component is larger than that of the tangential component (the latter being multiplied by a κ-dependent factor). In such a case, T rot /T tr > 1. Otherwise, if the relative decrease of the normal component is smaller than that of the (κ-weighted) tangential component, then γ < 0 and T rot /T tr < 1. Equipartition of energy (T rot /T tr = 1) occurs if γ = 0, implying a balance (in the sense described above) between the relative decrease of the magnitudes of the tangential and normal components of the relative velocity. A similar dependence of T rot /T tr on a certain single parameter γ occurs in the case of spheres [71] . A detailed comparison shows that the breakdown of rotational-translational equipartition is typically higher in disks than in spheres.
To have a more comprehensive view on the joint dependence of T rot /T tr on the coefficients of restitution α and β, Fig. 3 shows a density plot of the temperature ratio in the case of uniform disks (κ = 1 2 ). The equipartition line T rot /T tr = 1, where γ = 0 (i.e., α = (1 + β 2 )/2, with a minimum at α = 1/ √ 2 ≃ 0.707), splits the plane (β, α) into two regions. In the upper region (γ < 0) one has T rot /T tr < 1, whereas T rot /T tr > 1 in the lower region (γ > 0). Moreover it can be observed that T rot /T tr grows very rapidly in the lower region as one approaches the quasismooth limit β → −1. In contrast, T rot /T tr → 0 in the same limit β → −1 if α = 1 (elastic collisions). In fact, Eq. (5.4) yields
(5.6) Therefore, the elastic-disk limit (α → 1) and the smooth-disk limit (β → −1) do not commute. If the disks are inelastic (α < 1) and quasismooth (β → −1), the rotational and translational degrees of freedom tend to be decoupled and T rot does not change with time, while T tr keeps decreasing due to inelasticity [40] . As a consequence, the ratio T rot /T tr diverges in the long-time limit. On the other hand, if the disks are perfectly elastic (α = 1) and then the quasismooth limit (β → −1) is taken, a nonzero coupling between T rot and T tr exists such that, assuming an initial state with T rot ∼ T tr , the translational temperature decays initially more slowly than the rotational temperature and T rot /T tr decreases in time until the HCS condition 
B. Bidisperse system
In the case of a binary mixture, the three independent temperature ratios (T Moreover, a dilute granular gas is considered (φ ≪ 1), so that χ ij ≈ 1. Thus, only the parameters α and β remain free. Figure 4 shows the three independent temperature ratios as functions of the roughness parameter β for several characteristic values of the inelasticity parameter α. The rotational-translational temperature ratio T converges to a finite value or it diverges, depending on whether α = 1 or α < 1, respectively. While the ratio T 
It is interesting to compare the results displayed in Fig. 4 with those of Fig. 2 of Ref. [69] for the counterpart case of spheres (i.e., n 2 /n 1 = 1, α 11 = α 12 = α 22 = α, β 11 = β 12 = β 22 = β, κ 1 = κ 2 = Thus, from the point of view of the mean kinetic energies, the bidisperse gas becomes indistinguishable from a monodisperse gas. This is an example of the mimicry effect further discussed in Sec. VI.
VI. MIMICRY EFFECT IN THE HOMOGENEOUS COOLING STATE
Imagine a monodisperse granular gas (denoted by the label i = 1) in the HCS, so that its temperature ratio T rot 1 /T tr 1 is the one described in Sec. V A. Then, we generate a polydisperse gas by adding s−1 components with the same coefficients of restitution and reduced moments of inertia as the original component 1, i.e., α ij = α 11 , β ij = β 11 , and κ i = κ 1 . In general, the addition of the s − 1 extra components produces a new HCS where Table III . This results in
The key point is that the quantities X ij are the same in ξ 
For simplicity, let us assume that the total packing fraction is low enough to make χ ij → 1. Thus, Eq. (6.4) makes a set of s − 1 constraints on the 3(s − 1) ratios n i /n 1 , σ i /σ 1 , and m i /m 1 for i = 2, . . . , s. In particular, if we freely choose the 2(s−1) ratios n i /n 1 and σ i /σ 1 , the solution to Eq. (6.4) gives the values of the s − 1 mass ratios m i /m 1 such that the mimicry effect occurs. Without loss of generality, we can assume n 1 ≥ n 2 ≥ · · · ≥ n s . In general, the set (6.4) needs to be solved numerically, but an analytic solution is possible if the intruders have sizes and masses close to those of the host disks. By writing σ i = σ 1 (1 + δσ * i ) and m i = m 1 (1 + δm * i ), and neglecting terms nonlinear in δσ * i and δm * i , it is straightforward to obtain
5) 6) where the quantity Y ≡ s j=1 (n j /n 1 )(1+δσ * j /2+δm * j /4) is common for all the components. Therefore, Eq. (6.4) yields 2δσ * i − 3δm * i = 0 for i = 2, . . . , s or, equivalently regardless of n i /n 1 . Since it has been assumed that σ i ≈ σ 1 , and thus all the components are similar, it is convenient to convert Eq. (6.7) into a form independent of the choice for the reference component. This is accomplished by replacing m i ∝ 1 + 2σ i /σ 1 by m i ∝ 1 + 2σ i / σ , where σ = n −1 s j=1 n j σ j is the mean diameter. Therefore,
As will be seen in Secs. VI A to VI C, Eq. (6.8) turns out to be an excellent approximation.
A. Binary mixture
In the case of a binary mixture (s = 2), the condition X 2 = X 1 becomes
Thus, if n 2 /n 1 and σ 2 /σ 1 are freely chosen, Eq. (6.9) gives the value of m 2 /m 1 corresponding to the mimicry effect. In particular, in the tracer limit n 2 /n 1 → 0 the solution is
In this tracer limit, σ = σ 1 , so that Eqs. (6.7) and (6.8) are identical. Interestingly, Eq. (6.10) deviates very little from Eq. (6.7), the maximum relative deviation (less that 10%) taking place in the limit σ 2 /σ 1 → 0. Figure 6 plots the mass ratio m 2 /m 1 as a function of the size ratio σ 2 /σ 1 for n 2 /n 1 → 0 and n 2 /n 1 = with independence of the value of n 2 /n 1 , in agreement with Eq. (6.7). In fact, the deviations from the linear behavior given by Eq. (6.7) are small in the tracer case (n 2 /n 1 → 0), as said before, and not particularly large in the equimolar case (n 2 /n 1 = 1). On the other hand, if n 2 /n 1 = 1, Eq. (6.8) yields the nonlinear approximation m 2 /m 1 = (1 + 5σ 2 /σ 1 )/(5 + σ 2 /σ 1 ), which performs excellently well, with a maximum deviation 0.036 at σ 2 /σ 1 = 0.
From Fig. 6 we can observe that
and m 2 /m 1 < (σ 2 /σ 1 ) 2 if σ 2 /σ 1 < 1 and σ 2 /σ 1 > 1, respectively. Therefore, a necessary condition for the existence of the mimicry effect is that the smaller disks must have a higher solid density than the larger disks.
B. Ternary mixture
Obviously, the ternary case (s = 3) is more complex than the binary one. Now we have the freedom to choose n 2 /n 1 , n 3 /n 1 , σ 2 /σ 1 , and σ 3 /σ 1 . Then, m 2 /m 1 and m 3 /m 1 are obtained from
To be more specific, let us choose three possible compositions: (n 2 /n 1 , n 3 /n 1 ) = (1, 1), (1, 0), and (0, 0). The first case corresponds to an equimolar ternary mixture, while in the third case the two intruder components i = 2, 3 are tracer particles; in the second case, tracer particles of component i = 3 are added to an equimolar binary mixture already exhibiting mimicry. Additionally, σ 2 /σ 1 = 0.5 and σ 2 /σ 1 = 2 are chosen. For those six systems, Fig. 7 shows m 2 /m 1 and m 3 /m 1 as functions of σ 3 /σ 1 . From the rough estimate of Eq. (6.7), one obtains m 2 /m 1 ≈ 0.7 and m 2 /m 1 ≈ 1.7 for σ 2 /σ 1 = 0.5 and σ 2 /σ 1 = 2, respectively, with independence of composition and σ 3 /σ 1 . A much better prediction for m 2 /m 1 is obtained from Eq. (6.8), which yields a maximum deviation of 0.015 in the case (n 2 /n 1 , n 3 /n 1 ) = (1, 1) and (σ 2 /σ 1 , σ 3 /σ 1 ) = (2, 0). Moreover, the curves representing m 3 /m 1 as functions of σ 3 /σ 1 are also roughly similar to the linear behavior (6.7), but again the approximation (6.8) is very accurate, with a maximum deviation of 0.047 taking place at the same state [(n 2 /n 1 , n 3 /n 1 ) = (1, 1) and (σ 2 /σ 1 , σ 3 /σ 1 ) = (2, 0)] as before.
C. Toward a continuous size distribution
Consider now a polydisperse gas with a continuous size distribution n(σ) such that n(σ)dσ is the number of disks per unit area with a diameter between σ and σ + dσ. In that case, Eq. (6.4) becomes
where m(σ) is the mass of a particle of diameter σ. Given a certain size distribution n(σ), Eq. (6.11a) is an integrodifferential equation for m(σ) which, in general, can be difficult to solve. On the other hand, using Eq. (6.7) as a starting guess, it is quite possible to solve numerically Eq. (6.4) for a discrete mixture with a large number of components, thus mimicking a continuous distribution [27] . As an example, let us take an equimolar mixture (n i /n 1 = 1) with a number of components s = odd and sizes
(6.12)
Note that σ 1 coincides with the mean diameter, i.e., σ = σ 1 , so that Eqs. (6.7) and (6.8) are fully equivalent. In the limit s → ∞ this discrete mixture becomes a continuous system with a uniform distribution of sizes between σ = 0 and σ = 2 σ . The solution of Eq. (6.4) for the above class of mixtures converges to a mass distribution very close to the simple estimate (6.7). This is observed in Fig. 8 , which plots the difference ∆m i /m 1 = m i /m 1 − (1 + 2σ i /σ 1 )/3 versus σ i /σ 1 for s = 2 q + 1 with q = 3, 4, 5, 6. As can be observed, the convergence to a continuous curve is quite apparent, the results obtained with s = 2 5 +1 = 33 being highly consistent with those obtained with s = 2 6 + 1 = 65. Again, the maximum deviation (∆m i /m 1 = 0.039) takes place in the limit σ i → 0.
The mimicry effect described in this section assumes that all the components have common coefficients of normal and tangential restitution. As an important consequence, the conditions for mimicry turn out to be independent of the specific values of those coefficients. Of course, this is not the general case. If not all the coefficients of restitution are equal, the conditions for mimicry are obtained by inserting T 2) . This gives the ratio θ ≡ T rot /T tr and provides, in general, 2(s − 1) constraints on the s − 1 density ratios {n i /n 1 }, the s − 1 size ratios {σ i /σ 1 }, the s − 1 mass ratios {m i /m 1 }, the s reduced moments of inertia {κ i }, the s(s+1)/2 coefficients of normal restitution {α ij }, and the s(s + 1)/2 coefficients of tangential restitution {β ij }.
VII. CONCLUDING REMARKS
Granular gases of inelastic and rough hard disks have a two-fold importance. On the one hand, they are prototypical models for most of the experimental setups related to granular matter under conditions of rapid flow. On the other hand, they pose an interesting physical problem by its own since, in contrast to the case of spheres, the two vector subspaces associated with the translational and angular degrees of freedom are mutually orthogonal.
While monodisperse frictional hard-disk systems have been analyzed by kinetic-theory tools before [10, 28, 39, 47] , the emphasis here has been on the crossed collisional rates of change of energy (ξ tr ij and ξ rot ij ) for a multicomponent gas. Starting from the collisional rules (2.4), together with Eq. (2.10), the energy production rates can be expressed in a formally exact way in terms of the two-body distribution function f (2) ij [see Eqs. (2.11c), (2.11d), and (3.9)]. Next, the original function f (2) ij has been replaced by its pre-collisional orientational averagē f (2) ij [see Eq. (3.11)], this assumption being justified if the density and/or the heterogeneities are small. This allows for the expression of the collisional rates of change as combinations of two-body averages, as shown in Ta Table III , represent the primary contribution of this paper.
The most immediate application of the results reported here has been the study of the HCS regime (where all the partial temperatures decay at the same rate), even though the transient regime to the asymptotic state can present interesting and counterintuitive phenomena [91] [92] [93] . In comparison to the hard-sphere case, it is found that the degree of breakdown of energy equipartition in hard-disk gases has a dual character: disks typically present a stronger rotational-translational nonequipartition but a weaker component-component nonequipartition than spheres.
Special attention has been paid to the mimicry effect. This effect consists in the possibility of adding to a monodisperse gas (i = 1) an arbitrary number (s − 1) of components with arbitrary concentrations (n i ) and arbitrary diameters (σ i ), but with the same coefficients of restitution (α ij = α 11 , β ij = β 11 ) and reduced moment of inertia (κ i = κ 1 ) as in the host system, in such a way that the translational and rotational temperatures are the same as those of the original monodisperse system (i.e., T Analogously to the case of hard spheres [71, 72] , the expressions derived in this work are expected to compare well with computer simulations, and a critical assessment is planned in the near future. In addition, once the energy production rates are known, the study of hard-disk gases driven stochastically [62] is straightforward and will also be carried out and compared with simulation. Finally, and more importantly, the results derived here lay the basis for the study of nonuniform situations. Taking the local version of the HCS as the reference state, a Chapman-Enskog method can be followed to derive the Navier-Stokes constitutive equations and analyze the linear stability conditions of the HCS, in analogy with what has recently been done in the case of rough spheres [60, 65] . Moreover, in the case of a binary mixture, the hydrodynamic equations stemming from the HCS can be used to study the conditions for segregation under the presence of a thermal gradient [94, 95] .
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